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Abstract 
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1 Introduction 



Recently, [P06], [P07], [P08a] introduced the notion of G-expectation space, 
which is a generalization of probability space. As the counterpart of Wiener space 
in the linear case, the notions of G-Brownian motion, G-martingale, and Ito inte- 
gral w.r.t. G-Brownian motion were also introduced. 

Recall that if {A,} is a continuous process in a probability space (Q.,T,P) 
with stationary, independent increments and finite variation, then there exists some 
constant c such that A, = ct. However, it's not the case in the G-expectation space 
(Q. T , L l G (Q. T ), E). A counterexample is {(B) t ), the quadratic variation process for 
the coordinate process {B t }, which is a G-Brownian motion. We know that {(B) t } 
is a continuous, increasing process with stationary and independent increments, 
however, it is not a deterministic process. 
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The process {(B) t ] is very important in the theory of G-expectation, which 
shows, in many aspects, the difference between probability space and G-expectation 
space. For example, we know that in probability space continuous local mar- 
tingales with finite variation are trivial processes. However, [P07] proved that 

rt rt 

in G-expectation space all processes in form of J Q r] s d(B) s - J () 2G(rj s )ds, rj e 
M G (0, T)(see Section 2 for the definitions of the function G(-) and the space 
M G (0, T)), are G-martingales with finite variation and continuous paths, which 
are a class of nontrivial and very interesting processes. [P07] also conjectured 
that any G-martingale with finite variation should have such representation. Up 
to now, some properties of the process {{B) t } remain unknown. For example, 
we know that for any s < t, of-(t - s) < (B) t - (B) s < cr{t - s), but we don't 
know whether {-j- s (B) s } belongs to M G (0,T). This is a very important property 
since {j-^{B) s } e M G (0, T) implies that the representation mentioned above of G- 
martingales with finite variation is not unique. 

In probability space, a continuous local martingale {M t } with the quadratic 
variation process {M) t = t is a standard Brownian motion. However, it's not 
the case for G-Brownian motion since its quadratic variation process is only an 
increasing process with stationary and independent increments. How can we give 
a characterization for G-Brownian motion? 

h s ds (respectively A t = J Q h s d{B) s ) 
is a process with stationary, independent increments and h e M X G {0, T) (respec- 
tively h 6 M G + (0, T)), there exists some constant c such that h = c. As applica- 
tions, we prove the following conclusions (Question 1 and 3 are put forward by 
Prof. Shige Peng in private communications): 

1. {±(B) s }tM l G (0,T). 

2. ( Martingale characterization) 

A symmetric G-martingale [M t ] is a G-Brownian motion if and only if its 
quadratic variation process {{M) t } has stationary and independent increments; 

A symmetric G-martingale {M t } is a G-Brownian motion if and only if its 
quadratic variation process (M) t = c{B) t for some c > 0. 

The sufficiency of the second part is implied by that of the first part, but the 
necessity is not trivial. 

3. Let {X t } be a generalized G-Brownian motion with zero mean, then we have 
the following decomposition: 

X, = M t + L t , 

where {M t } is a (symmetric) G-Brownian motion, and {L t } is a non-positive, non- 
increasing G-martingale with stationary and independent increments. 
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This article is organized as follows: In section 2, we recall some basic no- 
tions and results of G-expectation and the related space of random variables. In 
section 3, we give characterizations to processes with stationary and independent 
increments. In section 4, as applications, we prove the martingale characteriza- 
tion to G-Brownian motion and present a decomposition theorem for generalized 
G-Brownian motion. In section 5, we present some properties for G-martingales 
with finite variation. 



2 Preliminary 

We recall some basic notions and results of G-expectation and the related space 
of random variables. More details of this section can be found in [P06, P07, P08a, 
P08b, P10]. 

Definition 2.1 Let Q be a given set and let fi be a vector lattice of real valued 
functions defined on Q with ce'K for all constants c. "K is considered as the space 
of random variables. A sublinear expectation E on "H is a functional E : 'H —> R 
satisfying the following properties: For all X,Y e^H, we have 

(a) Monotonicity: If X > Y then E(X) > E(Y). 

(b) Constant preserving: E(c) = c. 

(c) Sub-additivity: E(X) - E(Y) < E(X - Y). 

(d) Positive homogeneity: E(AX) = AE{X), A>0. 
(Q,, 'H, E) is called a sublinear expectation space. □ 

Definition 2.2 Let X\ and X 2 be two n-dimensional random vectors defined re- 
spectively in sublinear expectation spaces (£2 1 ,'H 1 ,i? 1 ) and {Q. 2 , r H2,E 2 ). They 
are called identically distributed, denoted by Xi ~ X 2 , if E^iXi)] = E 2 [(p(X 2 )], 
for all (f e Ci t u p (R n ), where C^n P (R n ) is the space of real continuous functions 
defined on R n such that 

\<p(x) - ip(y)\ < C(l + \x\ k + \y\ k )\x - y\, for all x,y e R'\ 

where k and C depend only on (p. □ 

Definition 2.3 In a sublinear expectation space (Q,, 'H, E) a random vector Y = 
(Y\, ■ ■ -,Y n ), Yi e *K, is said to be independent of another random vector X = 
(X^- • -,X m ), Xi 6 *K, under E(-), denoted by Y ii X, if for every test function 
<p e C bMp {R m x R n ) we have E[<p(X, Y)] = E[E[<p(x, Y)] x=x ]. □ 

Definition 2.4 (G-normal distribution) A d-dimensional random vector X = (Xi , ■ • 
■,X d ) in a sublinear expectation space (Q,,'H,E) is called G-normal distributed if 
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for every a,b e R + we have 



aX + bX ~ Va 2 + fr 2 X, 
where X is an independent copy of X. Here the letter G denotes the function 

G(A):=^E[(AX,X)]:S d ^R, 

where S d denotes the collection of d x d symmetric matrices. □ 

The function G(-) : S d —> R is a monotonic, sublinear mapping on S d and 
G(A) = ±£[(AY,X)] < ±|A|£[|X| 2 ] =: \\A\& 2 implies that there exists a bounded, 
convex and closed subset Y <z S + d such that 

G(A)= 1 - sup Tr{yA). (2.0.1) 

If there exists some B > such that G(A) - G(fl) > /3Tr(A - B) for any A > B, 
we call the G-normal distribution non-degenerate. This is the case we consider 
throughout this article. 

Definition 2.5 i) Let Q. T = C ([0, T];R d ) be endowed with the supremum norm 
and {B,\ be the coordinate process. Set ^Hj := {(p(B h , ...,B t J\n > \,t\,...,t n e 
[0, T], (p 6 Ciu P (R dxn )}- G-expectation is a sublinear expectation defined by 

E[X] = E[(p( V*i -togu ■ ■ ■, y/t m - t m -^ m )], 

for all X = (p(B h - B tQ , B t2 - B h ,- ■ -,B tm - B tm _ { ), where ■ ■ are identically 
distributed J-dimensional G-normally distributed random vectors in a sublinear 
expectation space (Cl, 'H, E) such that is independent of • • •, £■) for every 
i = 1, • • •, m. (f2 r , 'Hj, E) is called a G-expectation space. 

ii) For t e [0,T] and £ = (p(B h , ...,B t J e r H®, the conditional expectation 
defined by(there is no loss of generality, we assume t = U) 

EtXviBt, ~ B t0 , B t2 - B tl , • • •, B tm - B tm _J\ 

= <f>(Bti ~ B tQ ,B t2 - B h , • ■ B ti - B ti ._,), 

where 

■ • •, xd = E[(p(x u - • •, B ti+l - B ti , ■ ■ ■, B tm - B tm _J\. 

□ 

Define ||£|| aG = [£(|£| p )] 1/p for £ e «H° and p > 1. Then for all f e [0, T], £,(■) 
is a continuous mapping on "K" with respect to the norm || • ||i iG and therefore can 
be extended continuously to the completion L l G {Q. T ) of 'H® under norm || • || liG . 
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Let LipiOr) ■= {<p(B h , ...,B tn )\n > \,h,...,t n e [0,T],<p e C bMp (R dXn )}, where 
C hMp (R dxn ) denotes the set of bounded Lipschitz functions on R dxn . [DHP08] 
proved that the completions of Cb(£l T ), *Hj and L ip (Q T ) under || • || PjG are same and 
we denote them by L G (Q T ). 

Definition 2.6 i) We say that {X,} on (Q. T , L G (Q, T ), E) is a process with independent 
increments if for any < t < T and s < • • • < s m < t < t Q < ■ ■ • < t n < T, 

(X h - X t0 , • • -,X tn - X, n j) ii (X Si - X So , • • -,X Sm - X Sm { ). 

ii) We say that {X t } on (Q T , L G (Q T ), E) with X t e L l G (Q t ) for every t e [0, T] is 
a process with independent increments w.r.t. the filtration if for any < s < T 

and so < • • • < s m < s < h < ■ ■ ■ < t n < T, 

(X h - X t0 , ■ ■ -,X tn - X^) ii (B Sl - B S0 , ■ ■ •, B Sm - 5. Vm _,). 

□ 

Remark 2.7 i) Let £ e L G (Q T ). If there exists s e [0, T] such that for any s < 

■ ■ ■ < s m < s, % ii (B Sl - B S0 , ■ ■ ■, B Sm - B Sm J, then we have E s (& = £(£>. In fact, 
there is no loss of generality, we assume £ > 0. 

E[EM)-m)f 
= E[EM){EM) ~ 2E(m + [Em 2 
= E[E s (m-2E(m + [Em 2 - 

Since £ - 2E(£) ii E s (g), we have 

E[E S ({) - Em 2 = E({)(E({) - 2E&) + [E(£)] 2 = 0. 

ii) Let {X t } on (Q. T , L G {Q. T ), E) be a process with stationary and independent in- 
crements and let c = E(X T )/T. If E(X t ) —* as 1 1 0, then for any < 5 < t < T, 
we have E(X t - X s ) = c{t - s).u 

Definition 2.8 Let {X t } be a d-dimensional process defined on (Q T , L G (Q T ), E) 
such that 

(i) X Q = 0; 

(ii) {X t } is a process with stationary and independent increments w.r.t. the 
filtration; 

(m)\im^ E[\X t \ 3 ]r l =0. 

Then {X t } is called a generalized G-Brownian motion. 

If in addition E(X t ) = E(-X t ) = 0, {X,} is called a (symmetric) G-Brownian 
motion. □ 
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Remark 2.9 i) Clearly, the coordinate process {B t } is a (symmetric) G-Brownian 
motion and its quadratic variation process {{B) t } is a process with stationary and 
independent increments (w.r.t. the filtration). 

ii) [P07] gave a characterization for the generalized G-Brownian motion: Let 
{X t } be a generalized G-Brownian motion. Then 

X t+S -X t ~ -fs^ + sr] for t, s > 0, (2.0.2) 

where (£, 77) is G-distributed(see, e.g., [P08b] for the definition of G-distributed 
random vectors). In fact, the characterization presented a decomposition of gen- 
eralized G-Brownian motion in the sense of distribution. In this article, we shall 
give a pathwise decomposition for the generalized G-Brownian motion. □ 

Let H G (0, T) be the collection of processes of the following form: for a given 
partition {to, • • •, t N } = n T of [0, T], N > 1, 

N-l 

j=0 

where £ e L ip (Q tj ), i = 0, 1, 2, • • -,N - 1. For every r, e H^(0, T), let U\ h p g = 

[E{£ \7l s \ 2 ds)P' 2 }^, II^IIm^ = Wfo \K\ p ds)} 1/p and denote by ^(0, T), M P G (0, T) 
the completions of H G r {0, T) under the norms || • \\ h p, \\ • \\ M i> respectively. 

G G 

Definition 2.10 For every 77 6 H° G (0, T) with the form 

77 ; (w) = J] ^j((o)l ]tjttj+l] (t), 
j=o 

we define 

N-l 

I{n)= r]( S )dB s :=y^(B tj+1 -B tj ). 
Jo 

By B-D-G inequality(see Proposition 4.3 in [songl la] for this inequality under 
G-expectation), the mapping / : H G (0, T) —> L G (Q. T ) is continuous under || • || h p 
and thus can be continuously extended to H G (0, T). □ 

Definition 2.11 i) A process {M t } with values in L G (Q T ) is called a G-martingale 
if E s (M t ) = M s for any s < t. If {M t } and {-M t } are both G-martingales, we call 
{M,} a symmetric G-martingale. 

ii) A random variable £ e L l G {Q. T ) is called symmetric, if E(g) + E{-£) = 0. □ 

A G-martingale {M t } is symmetric if and only if M T is symmetric. 
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Theorem 2.12([DHP08]) There exists a tight subset V c Mi(Q. T ) such that 

E{g) = max E P (t) for all £ 6 <H?. 

is called a set that represents £. 

Remark 2.13 i) Let (Q°, !F°, i 50 ) be a probability space and { W t } be a d-dimensional 
Brownian motion under P°. Let F° = {T®} be the augmented filtration generated 
by W. [DHP08] proved that 

Pm := {Pk\P„ = P°oX-\X t = f h s dW s ,he L^([0, T]; T 1/2 )} 

Jo 

is a set that represents E, where T 1/2 := {y 1/2 |y e T} and T is the set in the 
representation of G(-) in the formula (12.0. 1 1 ) . 

ii) For the 1-dimensional case, i.e., Q. T = C ([0, T],R X ), 

L 2 := L 2 ([0, T];Y l/2 ) = [h\ h is adapted w.r.t. F° and a < h s < a), 

where a 2 = E(B\) and of = -E(-B\). 

G(a) = \/2E[aB 2 ] = l/2[o=V - a 2 a~] for a 6 R. 

iii) Set c(A) = sup Pe! p M P(A), for A e S(Q T )- We say A e S(Q T ) is a polar set 
if c(A) = 0. If an event happens except on a polar set, we say the event happens 
q.s.. 

3 Characterization of processes with stationary and 
independent increments 

1 A 

In what follows, we only consider the G-expectation space {Q. T ,L G {Q. T ),E) with 
Q T = C ([0, T],R) and a 2 = E(B 2 ) > -E(-Bf) = of > 0. 

Lemma 3.1 For f 6 M^(0, T) and e > 0, let 

£ £ = - f 

£ J(t-s) + 

and 

Ct — / 1 — I Cdsl]ksXk+l)s](t), 

£ J(*-1)B 

where ? 6 [0, T], k £ e < T < (k £ + \)s. Then as e -» 

lir - ^llMi(OT) -» and ir° - ^llMi(OT) -» 0. 
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Proof. The proofs of the two cases are similar. Here we only prove the second 

'hi 



case. Our proof starts with the observation that for any g, e MUO, T) 



- r'X^j) < u - a Mh{ o,Ty 0.0.3) 

By the definition of space M G (0, T), we know that for every f e M G (0, T), there 
exists a sequence of processes {£"} with 

and 6 L ip (Q.f) such that 

k * 

llf-rilM^D^Oasn^oo. (3.0.4) 
It is easily seen that for every n, 

iir ;£ '°-riiMi(OT)^o ase ^o- (3-o.5) 

Thus we get 

U £ '° - C\m 1 g (0,T) 

< nr° - c^Wm^t) + \\c - r ;e '°iiM> ( o,r) + r - a M ^ T) 
^ 2 iir - ^Hm^cd + nr - r' e ' iiMi(o,D- 

The second inequality follows from (|3.0.3I) . Combining (13.0.41) and (13.0.51) . first 
letting e — » 0, then letting n — » oo, we have 

- ^IIm^cd ^ as ^ ^ 0. 

□ 

Theorem 3.2 Let A f = C h s ds with /z e M G (0, T) be a process with stationary 
and independent increments (w.r.t. the filtration). Then we have h = c for some 
constant c. 

Proof. Let c := E(A T )/T > -E(-A T )/T =: c. For n e N, set e = T/(2n), and 
define h T/( - 2n ^° as in Lemma 3.1. Then we have 

II" n \\m 1 g (o,t) 

2n-l r (k+\)T/(2n) 

= E[Y \h s -h T J^\ds] 

JkTliln) 
»-l M2k+\)TI(2n) 

> E[Y (h s -h^°)ds] 

JlkTian) 

n-\ p(2k+l)T/(2n) fZkT/(2n) 

= E[y ( I /z^ds - I /z^ds)] 

frf J2kT/(2n) J(2k-l)T/(2n) 
n-1 

= E^^[(A(2k+l)T/2n - A 2 kT/2n) ~ (A-2kT/2n ~ ^(2/t-l)772n)] ■ 



Consequently, from the condition of independence of the increments and their 
stationarity, 



II* - h TK2n) >°\\ Mh 



n-l 



> 



/ \ E[(A(2k+l)T/2n ~ MkT/ln) ~ (MkT/2n ~ A( 2 k-\)T /2n)] 
k=\ 



n-l 



= J](c-c)T/(2n) 



= (c-c)(n-\)T/(2n). 



So by Lemma 3.1, letting n —> oo, we have c = c. Furthermore, we note that 
M t := A t - ct is a G-martingale. In fact, for t > s, we see 



The second equality is due to the independence of increments of M w.r.t. the 
filtration. 

So [M t \ is a symmetric G-martingale with finite variation, from which we 
conclude that M t = 0, hence that A, = ct.u 

Corollary 3.3 Assume a > a > 0. Then we have that {f s (B) s } £ M l G (0, T). 

Proof. The proof is straightforward from Theorem 3.2. □ 

Corollary 3.4 There is no symmetric G-martingale {M t \ which is a standard Brow- 
nian motion under G-expectation(i.e. {M) t = t). 

Proof. Let {M t \ be a symmetric G-martingale. If {M t \ is also a standard Brow- 
nian motion, by Theorem 4.8 in [Songlla] or Corollary 5.2 in [Songllb], there 
exists {h s } 6 M 2 G (0, T) such that 



Thus we have ^ S {B) S = h s 2 e M G (0,T), which contradicts the conclusion of 
Corollary 3.3. □ 



E s (M t ) 
= E s (M t -M s ) + M s 
= E(M t -M s ) + M s 
= M s . 




and 
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Proposition 3.5 Let A t = JT* h s ds with h e M^(0, T) be a process with independent 
increments. Then A t is symmetric for every t e [0, T]. 

Proof. By arguments similar to that in the proof of Theorem 3.2, we have 



\\h-h TK2n) > Q \ 



M'(0,T) 



n-\ 



^ E^} ; [(A( 2 £ + l)7 72» _ A 2 kT/2n) ~ (A 2 kT/2n ~ A(2k~l) + T/2n)] 
k=Q 

n-l 

= ^^(Apir-tl^n _ ^2/tr/2n) + £[ _ (A2H72« _ ^(2/t~l)+r/2n)]}- 



yt=0 



The right side of the first inequality is only the sum of the odd terms. Summing 
up the even terms only, we have 



\\h-h T '^ Mh(0J) 

n-l 

^ / ; {£(A2£+2)?72» - ^(2fc+l)T/2n) + £'[-(^(2yt+l)r/2n _ A 2kT / 2n )]}. 
k=Q 

Combining the above inequalities, we have 



2P - /^'l M i (0;T) 

2n-l 

^ _ < / J {£ , (^(/:+l)r/2n - ^(/t7-/2n) + E[-(A (k+i)T / 2n ~ A kT/2n )]} 



k=() 

2n-l 2n-\ 

^ £ ^(^(/t+l)r/2n _ ^(/tT/2n) + E 2_jl-~(A^+\)T/2n ~ A kT / 2 „)] 
£=() (t=() 

= E(A r ) + E(-A T ). 

Thus by Lemma 3.1, letting n —> oo, we have ^(Ay) + ^(-A^) = 0, which 
means that A T is symmetric. □ 

For n 6 N, define £„(s) in the following way: 

n-l 

S n (s) = Yji-iy^iL^is), for all s e [0,7]. 

i=0 

In [Song 10c] we proved that lim,,^ 6 n (s)h s ds) = for h e M l G (0, T). 
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Let r, = cr{B s \s < t) and F = {T t } tmJ] . 

In the following, we shall use some notations introduced in Remark 2.13. 

For every P e V M and t e [0, T], set 3K uP :={QeP M \ Q\r, = P\r,)- Proposition 
3.4 in [STZ11] gave the following result: For t e [0, T], assume £ e L G (Cl T ) and 
r] e L l G (Q t ). Then q = E t (g) if and only if for every P e P M 

rj = esssup^ p £ e (^|!F f ), P-a.s., 

where ess sup p denotes the essential supremum under P. 

Theorem 3.6 Let A, = J h s d(B) s be a process with stationary, independent incre- 
ments (w.r.t. the filtration) and h e M G + (0, T) for some B > 1. Then there exists a 
constant c > such that A t = c{B) t . 

Proof. For the readability, we divide the proof into several steps: 

h s ds. We claim that K T is symmetric. 

Step 1.1. Let/7 = E(A T )/T and /j. = -E(-A T )/T . First, we shall prove that 
V__ £_ 

■2 ■ 



7r 2 



ir- 



Actually, for any < s < t <T, we have 



E s ( f h r dr) = E s ( f 6; l dA r ) > ^E s ( f dA r ) = ^(t - s) q.s., 
Js Js cr Js cr 

where the inequality holds due to 9 S < cr , q.s.. Since h e M G (Q T ), we have 
A T 6 L G (£l T ). Noting that fxt - A t is nonincreasing by Lemma 4.3 in Section 4 
since it is a G-martingale with finite variation, we have, for every q e L 2 FQ , P^-a.s., 

E s (£ h r dr) 

= ess supJ^E^ J h r dr\T s ) 

= esssup2^E G ( f e~ r l dA r \r s ) 

> ^ ess supj 6 ^ (j> E Q ( I e~ r l dr\T s ) 



CT 1 



So 



E s ( h r dr) > max{— , —}(t - s) =: A(t - s), q.s. 



2 ' ? ' 

cr gs 
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On the other hand, 



&s(-f h rdr) = £ s (f -e~ r l dA r ) > -^& s (-J dA r ) = -lL(t-s), q. 



and for every rj e LL, P^-a.s., 



E s {- ^ h r dr) 
= ess sapQ^ E Q (- f h r dr\T s ) 
= ess supj^ £ e (- f fl^dA^) 

J.s 

> ju ess supj^ E G (- f 6~ r l dr\T s ) 

Js 



a 



E s (- I hrdr) > -min{— , —}(t - s) =: -A(t - s), q.s.. 



since A, - Jit is nonincreasing. So 

J" h r c 
Noting that 

E{ \ 6 2n (s)h s ds) 
Jo 

(2n-l)7 „ 

. / — — . r r 

= £[ I 6?„(s)h 9 ds + E (2n-pT (— I /z v ds)] 
Jo 2 " J (2 "^ 1)r 

(2n-2)T (217-1)7 

r « / — — . / — ~ 

(2n-2)7 ( I h s ds)] 
- 2n J 2 " J (2n-2)T 



we have 



So 



— (2/1-2)7 

A- A , / — — 
> -z^T + E[ 6 2n (s)hsds], 
2n Jo 



Xr ^ 
8 2n (s)h s ds) > —^= T - 

Jr-T ~A — A 

S 2n (s)h s ds) > ^=T, 
o 
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Step 1.2. For every 77 e L^, , E Pi] (K T ) = AT, which implies that K T is symmet- 
ric. 

Step 1.2.1. We now introduce some notations: For < s < t < T and 77 6 L 2 ^, 

set 77 = <x, 77 = <x, 77* = ^' + 2 ~ on ] 5, and 77 = 77 = 77* = 77 on ]s, ?] c . For n e N, 
set 77? = iSfeWjfr) + o=l]^ + i,% +2 ](^)) on ]s,t] and 77" = 77 on ]s,t] c , where 
= + ~ i = °' ' " '' 2n - 

Step 1.2.2. Ep^,(f '(h r - A)dr\T s ) -» 0, P^-a.s., as 77 -> 00. 

Actually, we have, P n -a.s., 



Jl(t -s) = £,( f M<*>r) > £ P _( f h4(B) r \r s ) = v 2 E P _( f h r dr\r s ). 

%J s *J s %J s 



So 



£ P _( h r dr\T s ) < A(t - s), P n - a.s.. (3.0.6) 

By similar arguments we have that 

E Pii ( j h r dr\T s ) > A{t - s), P v - a.s.. (3.0.7) 

Let's compute the following conditional expectations: 
E Pri „(£ Oh - A)8 2n {r)dr\r s ) 

\— \ T r tli+l <rr rhi+2 

= E %^L {E ^ (h r -A)dr + E^ (A-h r )dr}] 

n-l 

= + 5,)], 

where 6 2n (r) = Z^ToCWa+ijW - WiAcriCr)). h = s + £(*-s), j = 0, • • •, In, and 

ft n-l 
(h r -A)dr\r s ) = E^ fi [J](A i -B i )]. 
1=0 

By (|3.0.6I) and (I3.0.7l) (noting that 77 and s, t are all arbitrary), we conclude that 
A h Bi>0, /Va.s.. So 

\Ep^J (h r - A)dr\r s )\ < E Prin (f (hr - A)6 2n (r)dr\r s ), P v - a.s.. 

13 



Noting that 

Ep„„( f (h r - A)6 2n (r)dr\r s ) < E s [ f (h r - A)8 2n (r)dr], P v - a.s. 

and 

E s [ I (h r - A)62n(r)dr] — > q.s., as n — > oo, 

we have E P ( f (h r - A)dr\T s ) — > 0, P^-a.s., as n — » oo. 

Step 1.2.3. For any £ e L^Q,), E Pjf (%\T s ) -> E Pt] M\T s ), P.-a.s., as n -> oo. 

In fact, for £ = - 5 So , • • -,5 Sm - fi^J 6 L ip (Q. t ), the conclusion is 

obvious. For general £ 6 L^,(Q. t ), there exists a sequence {^ m } c L ip (Q. r ) such that 
- £|] = - £1)] -» 0. So we can assume E s (\% m - £|) -» q.s.. 

Then, P^-a.s., we have 

i^(^ir,)-£p,.(^)i 

< - E Pif xr\r s )\ + \E Pif (C\Ts) - E P ^ m \r s )\ 
+\E Pii M m \r s )-E Pri M\r s )\ 

< iEM m - f i) + i^crr,) - 

First letting n — » oo, then letting m — > oo, we have E Pif {^Ws) ~~ > E Pif (<;Ws)i 
Pjj-a.s.. So combining Step 2.3 and Step 2.4, we have 



£p„.(J~ = A(* - 5) P, - a.s.. (3.0.8) 

Step 1.2.4. For < s < t < T, rj e L 2 f0 cr e [cr, cr], set if = cr on [s,t] and 
if = 7] on [5, f] c . We have 



E P*r(J h r dr\Ts) = A(t - s) P^ - a.s.. 

In fact, Step 1.2.2-Step 1.2.3 proved the follo wing f act: If ([31X61 (131X71) hold 

for some cr, cr' e [cr, cr], then (|3.0.8I) holds for ^ °" 2 ^°"' 2 . So by repeating the Step 
1.2.2-Step 1.2.3, we get the desired result. 

Step 1.2.5. For any simple process rj e L 2 f0 , E Pii (K T ) = AT. 

Let ij r = ^-"o 1 r] t .l ]t .j. +l] (r) e L 2 p0 with i] t . = Z^aJ.l^ an measurable 

simple function, where [to, ■ ■ •, t m ) is a given partition of [0, T]. Set X t = f rj r dW r . 
Let F x = {T t x } be the filtration generated by X. 
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Fix < i < m. Set rff = T] s l m . +E] (s) + (?jly l+e j](s) and Xf = f^rffdW, for 
s > small enough. Let F x ' ,l! = {T*' E \ be the filtration generated by X j ' e . Then 

E Pr] ( h r dr) = E p0 ( h r o Xdr) = £ P o[£ P o( K o Xdr|^J e )]. 
Since A', e 7f +£ = r£ and X ; = Z% X J t ' e l A , on [0, we have 



E P o( f + 1 h r °Xdr\T* +£ ) 

J ti+e 




Noting that 

E p0 ( f ' h r oX* s dr\T£ e E ) = E P { f ' h r dr\r ti+s )oXj' e = A.(t i+l -t t - e) P Q -a.s., 

J ti+e J tj+e 

by Step 1.2.4, we have E Pi] { J^' +1 h r dr) = A(t i+1 - t t ) and E Pj] {K T ) = AT. 
Step 2. h = A. 

Let M ? = C h r d(B) s - C 2G(h s )ds and N, = C h s d(B) s - Jit. As is mentioned 

in the introduction, [P07] proved that {M t } is a G-martingale. Since h s d(B) s ] 
is a process with stationary and independent increments w.r.t. the filtration, We 
know that {N t } is also a G-martingale. Let L t = E,(jJT - a 2 K T ). Then {L t } is a 
symmetric G-martingale since K T is symmetric. By the symmetry of {L t \ we have 

M, = E t (M T ) = E t (L T + N T ) = L t + N t . 

By uniqueness of the G-martingale decomposition theorem, we get L = and 
h = A. □ 



4 Characterization of the G-Brownian motion 

A version of the martingale characterization for the G-Brownian motion was given 
in [XZ09], where only symmetric G-martingales with Markovian property were 
considered. Here we shall present a martingale characterization in a quite different 
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form, which is a natural but nontrivial generalization of the classical case in a 
probability space. 

Theorem 4.1(Martingale characterization of the G-Brownian motion) 

Let {M t } be a symmetric G-martingale with M T e L G (Q, T ) for some a > 2 and 
{(M) t ) a process with stationary and independent increments (w.r.t. the filtration). 
Then {M t } is a G-Brownian motion; 

Let {M t \ be a G-Brownian motion on (Q, T ,L G (Q. T ),E). Then there exists a 
positive constant c such that <M) ; = c(B) t . 

Proof. By Corollary 5.2 in [Songllb], there exists h e M G (0,T) such that 
M r = J^' h s dB s . So <M) ; = h 2 s d{B) s . By Theorem 3.6, there exists some constant 
c > such that h 2 = c. Thus by Theorem 2.12 and Remark 2.13, [M t ] is a 
G-Brownian motion with M, distributed as N(0, [c 2 a^t, cat]). 

On the other hand, if {M t \ is a G-Brownian motion on (Q. T , L G (Q, T ), then [M t \ 
is a symmetric G-martingale. By the above arguments, we have (M) t = c(B) t for 
some positive constant c. □ 

Let 

<H = {a\ ait) = I.lZ 1 a tk l ]tk , tk+l] (t),n€ N, = to < h <•••<*„ = T] 

and H = {a e *H |/l[a = 0] = 0}, where i is the Lebesgue measure. 

Lemma 4.2 Let {L,} be a process with absolutely continuous paths. Assume that 
there exist real numbers c<c such that c(t - s) < L t - L s < c(t - s) for any s < t. 
Let C(a) = ca + - car for any a e R. If 



we have that {L t } is a process with stationary and independent increments such 
that ct = —E(—L t ) < E{L t ) = ct, i.e., its distribution is determined by c, c. 

Proof. It suffices to prove the Lemma for the case c < c. For any a e H, let 



On the other hand, by Theorem 2.12, there exists some weak compact subset 
V c Ali (Or) such that 




0? - cl [a(.v)>0] + £l[a(.s)<()]- 



By assumption, 




= max£ P (£), for all f € L G (Q, T ), 
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which means that there exists P a such that 



E Pa ( f a(s)dL s ) = f a(s)ff* s ds. 
Jo Jo 

By the assumption for {L t }, we have P a {L t = J (%ds, for all re [0, T]} = 1. From 
this we have 

%(L fl - L f0 , • • L f „ - L tn J] ><p(f l ff^ds, f" ff^ds) 

Jt() Jtn-l 

for any (p e C h {R n ) and n e N. Consequently, 

E[(p(L h -L t0 ,-- -,L tn -L tn _J\ 



> sup^( QPds,-- ■, 6f s ds) 

aeH Jto Jtn-x 

SUp y(Cl(h - to), ■ ■ •, C n {t n - t n -l)). 

ci,-,c„e[c,c\ 

The converse inequality is obvious. Thus {L t } is a process with stationary and 
independent increments such that ct = -E(-L t ) < E{L t ) = ct. □ 

Lemma 4.3 Let {L t } be a G-martingale with finite variation and L T e L^(Q. T ) for 
some yS > 1. Then {L t } is non-increasing. Particularly, L t < L = E(L T ). 

Proof. By Theorem 4.5 in [Songl la], we know {L t } has the following decom- 
position 

L t = E(L T ) + M t + K t , 

where {M,} is a symmetric G-martingale and {K t } is a non-positive, non-increasing 
G-martingale. Since both {L,} and {^} are processes with finite variation, we get 
M t = 0. Therefore, we have L t = E(L T ) + K, < E(L T ) = L . □ 

Theorem 4.4 Let {X t } be a generalized G-Brownian motion with zero mean. Then 
we have the following decomposition: 

X t = M t + L t , 

where [M t \ is a symmetric G-Brownian motion, and {L t } is a non-positive, non- 
increasing G-martingale with stationary and independent increments. 

Proof. Clearly {X t \ is a G-martingale. By Theorem 4.5 in [Song 11 a], we have 
the following decomposition 

X t = M t + L t , 

where {M t } is a symmetric G-martingale, and {L t } is a non-positive, non-increasing 
G-martingale. Noting that X t 6 L^(£l T ) from the definition of generalized G- 
Brownian motion, we know that M t , L t 6 L^(Q. T ) for any 1 < < 3 by Theorem 
4.5 in [Song 11 a]. 
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In the sequel, we first prove that {L,} is a process with stationary and indepen- 
dent increments. Noting that E{-L t ) = E(-X t ) = ct for some positive constant c 
since {X t } is a process with stationary and independent increments, we claim that 
-L t - ct is a G-martingale. To prove this, it suffices to show that for any t > s, 
E s [-(L t - L s )] = c(t- s). In fact, since {M,\ is a symmetric G-martingale, we have 

E s [-(L t - L s )] = E s [-(Xt — M t — X s + M,)] = E s [-(X t - X s )]. 

Noting that {X t } is a process with independent increments(w.r.t. the filtration), 
E s [-(X t - X s )] = E[-(X t - X s )] = c(t - s). 

Combining this with Lemma 4.3, we have —(L t —L s )—c(t—s) < for any s < t. 
On the other hand, for any a e *H, noting that {M t \ is a symmetric G-martingale, 
we have 

E[ [ a(s)dL s ] =E[f a(s)dX s ] = E[^ n k lla tk {X tM - X t J\. 
Jo Jo 

Since {X,} is a process with stationary, independent increments, we have 



E[ J a(s)dL s ] 
Jo 

= mlE[a tk {X tM -X t J\ 
- ^l=lca tk {tk+i - tk) 



= I ca (s)ds = J C(a(s))ds, 
Jo Jo 



where C(a(s)) is defined as in Lemma 4.2 with c = 0, c = -c. By Lemma 4.2, {L t } 
is a process with stationary and independent increments. 

Now we are in a position to show that {M t } is a (symmetric) G-Brownian 
motion. To this end, by Theorem 4.1, it suffices to prove that {{M) t } is a process 
with stationary and independent increments (w.r.t. the filtration). For n e N, let 

2"-l 

X" = / Xar\,kT (k+W i(t) 

' Z_i 2" JyT.^Ji— J v 
k=0 

and 

2"-l 



ai{X) = Y J i^-^) 2 



k=0 
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Observing that Q?(X) = X] - 2 ^X n s dX s , we have 
\Q n t (X) - Q.™ + 'XX)\ 

< 2(| f (X?-X™ + ")dM,.| + | f (X? - X™ + ")dL,|) 
Jo Jo 



= 2(|/| + |//|). 
for any n, m € /V. It's easy to check that 



Jo 



< c E{\X n s - X™ +n \)ds — * as tn, ti — ^ oo. 



Noting that 



2" -I 2"'-l 



/ = 



y y (x± + ^ -XiXM,, +0+ D, - Mtt_ 

/ 1 / 1 2" 2" +m 2" 2^ 2 n+m 2" 2"+"' 

2"-l 2"'-l 

EE'/. 



i=0 ;=0 



we get 



2"-l 2"'-l 



m 1 ) <YjYj ^ [(/ / )2] - 



1=0 7=0 

Let's estimate the expectation £[(//) 2 ]: 
£[(//) 2 ] 

= + ; f -Z«) 2 (M ft+0+ i) ( -Mu + n ) 2 ] 

2" 2"+'" 2" 2" 2 fl+m 2" 2" +m 

< 2£[(X jt_,^jt_ — Xu ) 2 {(X a u+i)t — X„_ , j_) 2 + (L » (./+i)r — L » >f ) 2 }1 

2« 2«+m 2" 2" 2 n+m 2" 2 ll+m 2" 2 n+m 2" 2" +/ " 

Noting that -c(? - s) < L, - L s < 0, we have 

£[(//) 2 ] < £[(X i( . j» - X A ) 2 {(X „ +0+ d, - Z it . ;« ) 2 + C 2 -r— -}]. 



By (12.0.21) . £[(X f - X s ) 2 ] < C\\t— s\ for some constant Ci . From the condition 
of independent increments of X, we have E[(Ij) 2 ] < C 22( J „ +m) for some constant C, 
hence that E(I 2 ) -> 0, and finally that E(\Q?(X) - £^ ,+,1 (X)|) -» as m, w -» oo. 
Then 

(X) t := lim Q" 

is a process with stationary and independent increments (w.r.t. the filtration). Not- 
ing that (M) t = (X) t , (M) t is also a process with stationary and independent incre- 
ments (w.r.t. the filtration). □ 
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5 G-martingales with finite variation 



Proposition 5.1 Let 77 e M G (0, T) with (77] = c for some constant c. Then 

K t := f rj s d(B) s - f 2G(t] s )d S (5.0.9) 
Jo Jo 

is a process with stationary and independent increments. Moreover, for fixed c, 
all processes in the above form have the same distribution. 

Proof. Since -c(cr 2 - <x 2 )(? - s) < K t - K s < for any s < t, by Lemma 4.2, 
it suffices to prove that for any a e 'H 



E( I a s dK s ) = I C(a s )ds, 
Jo Jo 

where C(a s ) is defined as in Lemma 4.2 with c = 0,c = -c^ 2 - <x 2 ). In fact, 
noting that 

I a s dK s < I 2G(a s r] s )ds - J 2a s G(r] !i )ds = I C(a s )ds, 
Jo Jo Jo Jo 



we have 



£( I a s dK s ) < J C(a s )ds. 
Jo Jo 



On the other hand, we have 

£■( I a s dK s ) > —E{—[ J 2G(a s rj s )ds - J 2a. v G(77 s .)(ii']} = J C(a s )ds. 
Jo Jo Jo Jo 

So is a process with stationary and independent increments and its distribution 
is determined by c. □ 

Just like the conjecture by Shige Peng for the representation of G-martingales 
with finite variation, we guess that any G-martingale with stationary, independent 
increments and finite variation should have the form of (I5.0.9I ). At the end we 
present a characterization for G-martingales with finite variation. 

Proposition 5.2 Let {M t } be a G-martingale with M T e lf G (Q. T ) for some /3 > 1. 
Then {M t } is a G-martingale with finite variation if and only if {/(M,)} is a G- 
martingale for any non-decreasing / e C b j ip (R). 

Proof. Necessity. Assume {M,} is a G-martingale with finite variation. By 
Lemma 4.3, we know that {M,} is non-increasing. By Theorem 5.4 in [Songl lb], 
there exists a sequence {77"} c H G (0, T) such that 

£[sup \M t -L t (rj n )f] ->0 

te[0,T] 

20 



as n goes to infinity, where L,(rj") = £rf s d{B) s - £2G(r]")ds. It suffices to 
prove that for any 77 e H^(0, T) and non-decreasing / e C 2 h {R), f(L t (rj)) is a 
G-martingale. In fact, 

fiUiv)) = f(Lo)+ [ f(L s (r]))dL s (T]) 
Jo 

= /(Lo)+ f f'(L s (rj))T] s d(B) s - f 2f(L s (rj))G(rj s )ds. 
Jo Jo 

Since f'{L s {rf)) > and f'(L s (jj))ri s e M^(0, T), we conclude that 

f(L t (f 1 )) = f(Lo) + L t (f\L(rj))r ] ) 

is a G-martingale. 

Sufficiency. Assume {/(M,)} is a G-martingale for any non-decreasing / e 
Cb,Hp{R)- Let X f := arctan M,. Then {X,} is a bounded G-martingale and {/(X,)} is a 
G-martingale for any non-decreasing / e Cbj ip (R). By Theorem 4.5 in [Songl la], 
we know {X t } has the following decomposition 

X, = E(X T ) + N t + K u 

where {N t } is a symmetric G-martingale and {K t } is a non-positive, non-increasing 
G-martingale. Then by Ito's formula 

e aX, = e aX +a C e aX S(JXs + « C 

Jo 2 Jo 

For any a > 0, by assumption, is a G-martingale. So L t := J^e aXs dK s + 

f X' eaXs d{N) s is a G-martingale with finite variation. By Lemma 4.3, L, is non- 
increasing, by which we conclude that K t + j(N) t is non-increasing. So 

jE({N) T ) < E(-K T ) for all a > 0. 

By this, we conclude that E((N) T ) = and N t = 0. Then X, = £(X r ) + is 
non-increasing, and consequently, M t is non-increasing. □ 

Particularly, Proposition 5.2 provides a method to convert G-martingales with 
finite variation into bounded G-martingales with finite variation. 
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